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A dynamic mathematical model for liquid-phase polymerization in loop reactors was
de®eloped and implemented in language C using S-functions in a MATLABrSIMU-

( )LINK en®ironment. It is based on a nonideal continuous stirred-tank reactor CSTR
model capable of dealing with multisite copolymerization of olefins. The kinetic scheme
includes a specific mechanism for hydrogen effect on the rate of polymerization ob-
ser®ed on both laboratory experiments and industrial plant trials. A nonideality due to
polymer segregation at the reactor output was inserted into the model to better predict
reactor slurry density. Polymer moment balances were used to compute resin properties,
such as a®erage molecular weights, polydispersity, and melt flow index. Dynamic data
from an industrial polypropylene plant were used for parameter estimation and model
®alidation.

Introduction

Liquid-phase propylene polymerization is one of the most
important industrial processes in polypropylene manufacture.
This bulk process represents about 35% of total polypro-
pylene production. Nevertheless, there have been relatively
few publications about modeling loop reactors for olefin

Ž .polymerization. Uvarov and Tsevetkova 1974 , Lepski and
Ž . Ž .Inkov 1977 , and Ferrero and Chiovetta 1990 have mod-

Ž .eled loop reactors as a CSTR. Zacca and Ray 1993 modeled
loop reactors as two tubular sections interconnected by per-
fectly mixed inlet and outlet zones. A comprehensive kinetic

Žscheme that was able to deal with multisite up to four active
. Žsite types and copolymerization up to three monomers, one

.of them a diene kinetics was presented. However, no specific
mechanism to deal with hydrogen effects on the polymeriza-
tion rate was presented.

Ž .As shown by Zacca and Ray 1993 , at high recycle ratios
Ž .s recycle volumetric flow rateroutput volumetric flow rate ,
a loop reactor can be modeled as a CSTR. However, as ex-

Ž .plained by Ferrero and Chiovetta 1990 , in practice, loop
reactors can exhibit outlet polymer concentrations that differ
from the ones inside the reactor. This happens because poly-
mer particles may settle down in the reactor’s leg due to cen-
trifugal and gravitational forces, increasing the output con-
centration.

In the present work, mathematical modeling of loop reac-
tors based upon a nonideal CSTR is developed for studying

Correspondence concerning this article should be addressed to A. R. Secchi.

the macroscopic properties of the process, such as dynamics
of the unit, advanced control strategies, grade transitions, and
average polymer properties. The model is able to fit the ob-
served outflow polymer concentrations of industrial reactors.
A comprehensive kinetic scheme including important hydro-
gen effects on the rate of polymerization is presented. Ki-
netic and model parameters are estimated based on indus-
trial plant data.

Process Description
The bulk process can produce polypropylene homopolymer

suited for fiber applications with narrow molecular-weight
Ž . Ž .distribution MWD and melt-flow index MFI ranging from

Ž0.1 to 1,860 without the need of peroxide cracking POPS,
.2000 . In soft material applications, the bulk process is able

to achieve ethylene incorporation levels of up to 14%, corre-
sponding to 25% rubber phase, in a single gas-phase reactor.
In random copolymer production, it produces resins with up
to 4.5 wt % of ethylene, and also terpolymer materials con-
taining ethylene and butene.

ŽFigure 1 shows the process: the catalyst normally a
.fourth-generation Ziegler-Natta catalyst , previously acti-

vated by aluminum�alquil and treated with an external elec-
tron donor, is continuously fed into the first reactor along

Ž .with the monomers and the chain transfer agent hydrogen .
The output from the first reactor, after mixing with a side
feed stream containing monomers and chain transfer agent,

October 2003 Vol. 49, No. 10 AIChE Journal2642



Figure 1. Bulk process.

is fed into the second loop reactor. The output stream from
the second reactor is flashed to separate the solid phase
Ž .polymer from the unreacted monomers. For homopolymer
and random copolymers, the solid phase is deactivated with

Žsteam and then extruded. In the case of heterophasic im-
.pact copolymers, polymerization continues in a gas-phase re-

wactor where the addition of the rubber phase essentially eth-
Ž .xylene�propylene rubber EPR imparts better impact resis-

Ž .tance Galli and Ali, 1987 . The loop reactor operates totally
filled with slurry. An axial pump, placed in the lower part of

Ž .the reactor, promotes a high-velocity 5�7 mrs recycling of
the reaction mixture. The resulting turbulent flow provides
high heat transfer between the jacket coolant water and the
reaction media.

Although the process can operate with a single loop reac-
tor, normally it is designed with two loop reactors in series.
One or two additional gas-phase reactors can be placed in
series to produce heterophasic copolymers. The two-loop re-
actor system has the capability of producing bimodal resins
with increased mechanical properties.

Process Modeling
Industrial loop reactors are typically operated under high

Žrecycle rates, in order to prevent polymer fouling bulk veloc-
.ity � particle-free settling velocity and to increase heat

transfer. Under these conditions, it is possible to consider
Ž .loop reactors as continuous stirred-tank reactors CSTR with

constant volume, but variable reactor density. The reaction
slurry is supposed to be a two-phase system composed of a

Ž .liquid mixture monomers, hydrogen, and solvent and a
Ž .solid-phase polymer and catalyst . The following modeling

assumptions are considered:

Figure 2. Semicrystalline polymer particle.

Ž .1 The loop reactor does not present temperature and
concentration gradients along its radial and axial coordinates
Ž .Zacca, 1991; Liang et al., 1996 ;
Ž .2 Polymer particles are composed of two phases: crys-

Ž .talline and amorphous Figure 2 ;
Ž .3 The crystalline phase does not sorb any monomer

Ž .Hutchinson, 1990 ;
Ž .4 Concentration in the amorphous phase can be related

to liquid-phase concentration by an equilibrium partition
Ž .constant � ;j

Ž .5 Component equipartition is assumed. All partition con-
Ž .stants � s� s ��� s� are the same and the proportion1 2 NC

of all diffusing species in the amorphous polymer phase equals
Ž .the one in the liquid phase Zacca, 1995 ;

Ž . Ž6 The effective concentration concentration at the cata-
.lyst sites is the same as in the amorphous polymer phase;

Ž .7 The catalyst particles are monodisperse. The effects of
Ž .the real calayst particle-size distribution PSD , usually rep-

resented by a log-normal distribution, are lumped into a dis-
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charge factor defined for the nonideal CSTR model. More-
over, the catalyst encapsulation, used in industrial processes
and carried out in a prepolymerization reactor upstream from
the loop reactors, decrease fines generation in the system,

Žgiving a PSD closer to the monodisperse case Zacca and
.Debling, 2001 . In order to capture more rigorously the dis-

tributed nature of the problem, population balances on the
Žgrowing particles are necessary see, for example, Kim and

Choi, 2001; Mattos Neto and Pinto, 2001; Zacca and Debling,
.2001 together with fluid-dynamic modeling to take into ac-

count the centrifugal and gravitational forces. However, for
the purpose of the proposed model, these additional com-
plexities were not considered.

Olefin polymerization kinetics with Ziegler-Natta catalysts
can be quite complex. Several reaction steps have been pos-

Žtulated in the specialized literature Zacca, 1991, 1995; Soares
and Hamielec, 1996 a,b; Carvalho et al., 1989; Samson et al.,

.1999; and Rishina et al., 1993 . The basic kinetic model used
in this work is summarized in Table 1. Some new reaction
steps have been added to the model with specific objectives.
A dead site reactivation by hydrogen was included as a possi-
ble way to account for the hydrogen activation effect on poly-
merization rate. Donor deactivation by poison was also in-
cluded in order to explain the observed increase in the frac-
tion of soluble polymer in the presence of raw material impu-
rities.

From the reaction steps in Table 1, the following rate

equations can be written

Hydrogen

Ns Nm �����
k k k k ,n k ,nR sy R qR qR q R qRŽ .Ý Ý ÝH aH rH dH0 c H i d H i

ks1 is1 ns � i

1Ž .

Electron donor

R sE

Ns Ns Nm ����� Ns
k kl lk ,n k ,ny R q R q R qR yRÝ Ý Ý Ý ÝdE0 t E 0 t E i d E i e Ež /ks1 ls1 is1 ns � ls1i

l � k l � k

2Ž .

Cocatalyst

Ns Nm �����
k k k ,nR sy R qR q R yR 3Ž .Ý Ý ÝA a A d A0 d Ai e A

ks1 is1 ns � i

Table 1. Kinetic Model

Reaction Step Component Reaction Rate Equation
kk k k OaHSite activation Hydrogen C qH ™P R sk C CP 2 0 a H a H P H ,a

kk k k Oa AAl-alkyl C q A™P qB R sk C CP 0 a A a A P A ,a
kk k k OaMiMonomer i C qM ™P qM R sk C CP i 0 i a M a M P Mi i i

k k kSpontaneous C ™P R sk CP 0 aS p aS p P
k k k k kChain initiation Monomer i P qM ™P R sk P C0 i � , i P 0 i P 0 i 0 M ,ai i

k k k ,n k kChain propagation Monomer j P qM ™P R sk P Cn , i j nq� , j P ji P ji n , j M ,aj j
kk k k k ,n k k OcHiChain transfer Hydrogen P qH ™P qD R sk P Cn , i 2 0 n c H i c H i n , i H ,a

kk k k k ,n k k OcM , ijMonomer j P qM ™P qD R sk P Cn , i j � , j n c M c M n , i M ,aj ji j, i j
k k k k ,n k kSpontaneous P ™D qP R sk Pn , i n 0 cS p i cS p i n , i

kk k k ,n k k OdHSite deactivation Hydrogen P qH ™C qD R sk P Cn , i 2 d n d H i d H n , i H ,a
kk k k k OdHP qH ™C R sk P C0 2 d d H 0 d H 0 H ,a
kk k k ,n k k OdEElectron donor P qE™C qD R sk P Cn , i d n d E i d E n , i E,a
kk k k k OdEP qE™C R sk P C0 d d E 0 d E 0 E,a
kk k k ,n k k Od AAl-alkyl P q A™C qD R sk P Cn , i d n d Ai d A n , i A ,a
kk k k k Od AP q A™C R sk P C0 d d A0 d A 0 A ,a
kk k k ,n k k Od XPoison P q X™C qD R sk P Cn , i d n d X i d X n , i X ,a
kk k k k Od XP q X™C R sk P C0 d d X 0 d X 0 X ,a

k k k ,n k kSpontaneous P ™C qD R sk Pn , i d n dS p i dS p n , i
k k k kP ™C R sk P0 d dS p0 dS p 0

klk l k k l,n k l k O tESite transformation Donor P qE™P qD R sk P Cn , i 0 n t E i t E n , i E,a
klk l k l k l k O tEP qE™P R sk P C0 0 t E 0 t E 0 E,a

k l k k l,n k l kSpontaneous P ™P qD R sk Pn , i 0 n tS p i tS p n , i
k l k l k l kP ™P R sk P0 0 tS p0 tS p 0

kk k k O rHDead site reactivation Hydrogen C qH ™P R sk C Cd 2 0 rH rH d H ,a
Oe XPoison deactivation Al-alkyl Aq X™B R sk C Ce A e A A ,a X ,a

OeEDonor deactivation Poison Eq X™B R sk C Ce E e E E,a X ,a

October 2003 Vol. 49, No. 10 AIChE Journal2644



Poison

Ns Nm �����
k k ,nR sy R q R yR yR 4Ž .Ý Ý ÝX d X 0 d X i e E e A

ks1 is1 ns � i

Potential sites

Ns Nm
k k k kR sy R qR qR q R 5Ž .Ý ÝCp aH a A aSp aMiž /

ks1 is1

Vacant sites

Nm
k k k k k k k

kR sR qR qR q R qR yR yRÝP aH a A aSp aM rH dH0 d E 00 i
is1

Nm
k k k kyR yR yR y RÝd A0 dS p0 d X 0 P 0 j

js1

Nm �����
k ,n k ,nq R qRŽ .Ý Ý cHi cSpi

is1 ns � i

NNm �����S
lk ,n lk ,nq R qRŽ .Ý Ý Ý tEi tSpi

is1 ls1 ns � i
l � k

NS
lk lk kl klq R qR yR yR 6Ž .Ž .Ý tE0 tS p0 t E 0 tS p0

ls1
l � k

Dead sites

k k k k k kR qR qR qR qR yR qŽ .dH0 d E 0 d A0 d X 0 dS p0 rHNs
Nm �����R s ÝCd k ,n k ,n k ,n k ,n k ,nR qR qR qR qRŽ .Ý Ý dHi dEi d Ai d Xi dSpiks1
is1 ns� i

7Ž .

Monomer

Ns Nm �����
k k ,n k ,nR sy R q R qR 8Ž .Ž .Ý Ý ÝM P0 i P i j c M , ji i

ks1 js1 ns � i

Live polymer

Nm �����
k k ,m

kR s� ny� R q RŽ . Ý ÝP i P0 i c M , jn , i i
js1 ms � j

Nm Nm
k k k k k kq k C P y k C P y� PÝ ÝP M ,a ny� , j P M ,a n , i i n , ii j i i ji j

js1 js1

9Ž .

Dead polymer

Nm
k i

kR s � P 10Ž .ÝD i n , in
is1

where

Nm
kk k O k kc H i� sk C qk q k CÝi cHi H ,a cS p i c M , i M ,aj j

js1

NS
k lkl O klt Eq k C qkÝ Ž .tEi E,a tS p i

ls1
l � k

qk k COk
d H qk k COk

d Aqk k COk
d E

dHi H ,a d Ai A ,a d E i E ,a

qk k COk
d X qk k 11Ž .d Xi X ,a dS p i

Polymer moment rate equations
In this model, multisite copolymer moments are defined as

�����
k � kl� s n P 12Ž .Ý� , i n , il

ns l

����� Nm
k k k� s P qD 13Ž .Ý Ý� n , i nl ž /

ns � is1i

for live and bulk polymers, respectively. Then, the moment
rate equations become as follows

Zero-order live polymer moments

Nm
k k k k k

kR sR q k C � y� �Ý� P 0 i c M , j M ,a 0 , j i 0 , i0 , i i i
js1

Nm
k k k kq k C � yk C � 14Ž .Ý P M ,a 0 , j P ji M ,a 0 , ii j i j

js1

Zero-order bulk polymer moments

Nm Nm
k k k

kR s R q k C � 15Ž .Ý Ý� P 0 i c M , j M ,a 0 , j0 i i
is1 js1

First-order live polymer moments

Nm Nm
k k k

kR s � iy l R q k C �Ž .Ý Ý� P 0 i c M , j M ,a 0 , j� i il
is1 js1

Nm Nm Nm
k k k ky � � q k C � iy l � 16Ž . Ž .Ý Ý Ýi � , i P M ,a 0 , jl i j i

is1 is1 js1

First-order bulk polymer moments

Nm Nm
k k k

kR s � iy l R q k C �Ž .Ý Ý� P 0 i c M , j M ,a 0 , j� i il
is1 js1

Nm Nm
k kq � iy l k C � 17Ž . Ž .Ý Ý P M ,a 0 , ji j i

is1 js1
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Second-order bulk polymer moments

Ns Nm Nm
k k kR s R q k C �Ý Ý Ý� P 0 j c M , i M ,a 0 , i2 j j

ks1 js1 is1

Ns Nm Nm
k k kq k C � q2� 18Ž .Ž .Ý Ý Ý Pji M ,a 0 , i 1 , ij

ks1 is1 js1

Equations 1�10 and 14�18 represent the kinetic-rate equa-
tions. Notice that most of these rates depend on the effective
concentrations of amorphous polymer-phase components. For
the sake of simplicity, it is more convenient to express the

Ž .overall component balance in terms of bulk total concentra-
Ž .tions Cj, R

Moles of j
C s for js1, 2 , . . . , NC 19Ž .j, R Total volume

It is then necessary to find a way to relate effective
Ž . Ž .amorphous phase and bulk total concentrations. The ef-
fective concentration of each component is related to its liq-

Ž .uid-phase concentration by an equilibrium constant �
Ž .Hutchinson, 1990

Cj,a
� s for js1, 2 , . . . , NC 20Ž .j Cj, l

where C is the effective amorphous-phase concentrationj,a
and C is the liquid-phase concentration. For a semicrys-j, l

Ž .talline polymer particle, the swelling factor 	 is defined as

Vl ,a
	 s 21Ž .

Va,m

where V is the volume of liquid sorbed in the amorphous-l,a
polymer phase and V is the volume of swelled amorphousa,m
phase.

Ž .Considering the crystallinity f as the fraction betweenc
Ž .crystalline and total polymer volume, f s V rV , and thec c P, s

Ž .volumetric polymer fraction as 
 s V rV , where V isP P, s R R
Ž .the reactor volume, it can be shown Appendix A that

Va,m
�jC V 1y	 Vj,a l ls q q	 22Ž .Vž /C V 1y f a,mj , R a ,m c 1q�j Vl

where

V 1y	 1l s y1 y	 23Ž .ž /V 1y f 
a,m c P

V is the liquid-phase volume, and C is the bulk concentra-l j, R
tion. Equation 22 is used to relate the effective concentration
Ž . Ž .C to the bulk concentration C in the balance equa-j,a j, R
tions.

Figure 3. Nonideal CSTR.

Nonideal CSTR model
It is known that loop reactors operating under typical in-

Ždustrial conditions may be modeled as CSTRs Zacca and
.Ray, 1993 . In practice, however, loop reactors tend to show

nonideal mixing behavior as a result of particle segregation.
The concentration of solid particles in the reactor may change

Žas a result of centrifugal forces due to high-speed circula-
.tion or the utilization of size-selection equipment. Settling

legs and hydrocyclones are often used in order to improve
downstream equipment efficiency due to decreased liquid in-
ventories. The net result is that the outflow solids concentra-
tion is usually different than the average solids concentration
inside the reactor. Polymer particles have a residence-time
distribution that is different from the liquid phase. This im-
portant fact must be properly modeled, since it affects the
overall mass balance in the system. It leads to a nonideal
CSTR view of the system, as shown in Figure 3. To quantify
the difference between the polymer concentration inside the
reactor and the one at the reactor output, a discharge factor,
D , is defined as the ratio between the output polymer weightf
fraction, w , and the reactor polymer weight fraction, wP,o P , R

wP ,o
D s 24Ž .f wP , R

The nonideal CSTR is equivalent to the flow sheet shown
Ž .in Figure 4. A separation node splitter that recycles a cer-

tain amount of liquidrsolid adjusts for the observed outlet
solids concentration. The recycled stream is composed of only
the liquid phase when D �1, and only the solid phase whenf

ŽD �1 less polymer in the output stream than inside the re-f
. Ž .actor . When D s1, no recycle is needed ideal CSTR .f

The discharge factor has a strong influence on reactor be-
havior. It affects reactor concentrations and slurry density.

Ž .The ratio � between the liquid-phase concentration inside
the reactor and at the output stream can be computed as
Ž .Appendix B

C 1yD � w�j,o f P , Ro
�s s 25Ž .

C � 1ywj, R R P , R
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Figure 4. Nonideal CSTR flow-sheet representation.

where the densities at the reactor output � and inside theo
reactor � are obtained, respectively, byR

1yD � w D � w1 f P , R f P , Rs q 26Ž .
� � �o l P

1 1yw wP , R P , Rs q 27Ž .
� � �R l P

where the liquid-phase density, � , is calculated by volumel
additivity of monomers and solvent densities.

ŽSimilar to the liquid phase, the solid phase catalyst, live,
.and bulk polymer moments concentration at the output can

Ž .be computed from the following relation Appendix B

C �j,o o

 s s D 28Ž .fC �j, R R

In this way, a generic component balance is given by

�dC Q C � 
 Q CŽ .j, R f j , f o j , Rs y qR 29Ž .jdt V VR R

where

� for liquid-phase components
�� 
 sŽ . ½ 
 for solid-phase components

Since loop reactors operate at all times totally filled with
reaction slurry, the total volume is considered to be constant,
although density is allowed to vary according to monomer
conversion to polymer. Therefore, a total mass balance in the
reactor yields

d�R
V sQ � yQ � 30Ž .R f f o odt

By writing the density as the volumetric sum of the compo-
nent densities

NC

� s 
 � q
 � 31Ž .ÝR i i P , R P
is1

and substituting its time derivative into Eq. 30, the output
volumetric flow rate is given by

NC� � y � M V Rf j P j R jy C qÝ j, fž /� � � Qo j o fjs1
Q sQ 32Ž .o f NC � y � Mj P j

1y� CÝ j� �j ojs1

where Q is seen to depend mainly on reaction rates, ando
reactor nonideality is represented by the � factor.

Under the usual considerations of no heat of mixing, no
viscous heating, no external field effects, no radiation, and no
expansion heat, the energy balance for the loop reactors can

Ž .be written as Froment and Bischoff, 1979

NCdT 1 Tfs � Q w C dTHÝf f j pjždt �V C TR pm js1

Nm

qV y� H R qUA T yT 33Ž .Ž .Ž .ÝR j j t w /js1

where U is the global heat-transfer coefficient, A is thet
heat-exchange area, � H is the polymerization heat, C ispm
the mixture specific heat, and w is the weight fraction ofj
component j.

Loop reactors have cooling jackets to promote heat re-
moval from reaction media. A heat balance in the jacket,
considering constant coolant-specific heat and density, is
shown in the following equation

dT Q UAw w ts T yT q TyT 34Ž .Ž .Ž .w f w wdt V � C Vw w Pw w

where the subscript w refers to coolant water; Q , T , andw w
T represent the volumetric flow, jacket temperature, andw f
feed temperature of cooling water, respectively; and V rep-w
resents the jacket volume.

Polymer properties
Using polymer moments, it is possible to calculate the av-

Žerage polymer properties Zacca, 1991; Zacca, 1995;
.Hutchinson, 1990; Chen, 1991 . From basic polymer proper-

Ž .ties, such as average molecular weights Eqs. 35 and 36 , it is
also possible to estimate end-use properties by means of em-
pirical correlation

Ns Nm k�� iM s M 35Ž .Ý Ýn ik�0ks1 is1

2Ns Ns Nm
k kM s� � � M r � 36Ž .Ý Ý Ýw 2 0 n � iž /

ks1 ks1 is1

Polypropylene melt flow index is normally related to mass-
average molecular weight through a power-law-type correla-
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Figure 5. Dormant site generation.

Ž .tion Eq. 37

b
MFIsa� M 37Ž .Ž .w

22 Žwith as3.39 � 10 and bsy3.92 Bremner and Rudin,
.1990 .

Hydrogen Effect on Polymerization
Hydrogen acts mainly in two different ways in liquid-phase

propylene polymerization. It is a chain transfer agent that
regulates the average molecular weight. As a secondary ef-
fect, hydrogen increases the polymerization rate. In the liter-
ature, different interpretations can be found for this effect.

Ž . Ž .Parson and Al-Turki 1989 , Rishina et al. 1994 , and Soares
Ž .and Hamielec 1996a proposed an increase in the number of

active sites when hydrogen is present in the reaction media.
Ž . Ž .Samson et al. 1999 and Mori et al. 1998 suggested that

dormant site reactivation by hydrogen is the polymerization
Žrate-enhancement mechanism. A dormant site Corradini et

.al., 1992 is an active site after a 2�1 propylene insertion that
Ž .generates a secondary Ti�C bond Figure 5 . The steric hin-

drance of a methyl group closer to the catalyst site slows down
polymerization until a chain transfer reaction occurs.

In order to allow the creation of new active sites in the
kinetic scheme, two additional reactions were proposed: po-
tential-site activation and dead-site reactivation by hydrogen.
The dormant-site reactivation mechanism was included as an
equilibrium reaction between two types of sites.

In practice, plant data show that hydrogen rate enhance-
ment may be as high as doubling the polymerization rate. To
take this effect into account, a pseudo two-site model was

Ž .considered Table 1 . Hydrogen is considered to transform
sites of type 1 into sites of type 2 through an equilibrium

Ž .mechanism, as shown in Eq. 38 Reginato, 2001

k a1 2C qH l C 38Ž .2
kya

According to this model, if k1 and k2 are the propagationP P
Ž 1. Ž 2.rate constants of sites 1 C and 2 C , respectively, it can

Ž .be shown Appendix C that the effective propagation rate

Figure 6. Parameter estimation method.

Ž .constant k is given byP, r

k2
P

1qK CH ,a1kP1k sk 39Ž .P , r P 1qKCH ,a

where Ksk rk is the two-site interconversion equilib-a ya
rium constant.

Results
The dynamic mathematical model consists of a set of non-

linear ordinary differential equations relative to the balances
of solvent, hydrogen, electron-donor, cocatalyst, poison, po-
tential, dead and vacant sites, monomers, slurry density, and
polymer moments. This model was implemented as a MAT-
LAB S-function in C language and solved with a backward

Ž . Ždifferentiation formula BDF algorithm Shampine and
.Reichelt, 1998 .

Parameter estimation was performed for a single-site model
in the case of propylene homopolymerization, using indus-

Ž .trial data see Figure 10 . The parameter estimation proce-
Ždure is illustrated in Figure 6, where the Nelder-Mead Sec-

.chi and Bolsoni, 1998 optimization algorithm was used to
minimize the following objective function

2e expM Nw y y y1 j i j i j
S � s w 40Ž . Ž .ˆ Ý Ý i expž /M N yž /i jjs1 is1

where M is the number of output variables, N is the number
of data points, w is the weighting factor for each data point,i
w e is the weighting factor for each output variable, and y isj i j
the data point i corresponding to output j.

The implemented model is quite complex and aims to deal
with a wide range of phenomena in liquid-phase propylene
polymerization. For the purpose of this work, a simplified
model was derived from it so it would be possible to estimate
parameters with industrial data only. Some reaction compo-
nents, like poison, Al-alkyl, and electron donor has no mea-
sure or has no significant variation to estimate parameters
related to their reactions. The site-activation reactions are
carried out in a prepolymerization reactor that was not mod-
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Table 2. Parameter Sensitivity Analysis

Parameters
2kP

Outputs k k k k k k k K K D Da H P 0 P c H d H d s p rH f 1 f 21kP

� 0.014 0.0012 0.44 y0.018 y0.010 y0.128 0.024 0.14 y0.09 y0.71 0R1

Mw y0.009 y0.0008 0.67 y0.950 0.007 0.083 y0.016 0.21 y0.14 0.27 01
P 0.051 0.0043 1.52 y0.062 y0.035 y0.444 0.084 0.48 y0.31 y1.45 01
� 0.018 0.0013 0.46 y0.020 y0.013 y0.157 0.034 0.15 y0.09 y0.29 y0.44R2

Mw y0.010 y0.0008 0.66 y0.950 0.007 0.091 y0.018 0.21 y0.14 0.24 0.042
P 0.079 0.004 1.60 y0.079 y0.053 y0.663 0.169 0.52 y0.33 y0.08 y1.292

Table 3. Input Sensitivity Analysis

Inputs

Outputs m C m m C˙ ˙ ˙C 3, f 1 H , f 1 C AT , f C 3, f 2 H , f 2

� y0.751 0.139 0.425 0 0R1

Mw 0.490 y0.386 y0.278 0 01
P y1.600 0.480 1.472 0 01
� y0.631 0.143 0.450 y0.152 0.015R2

Mw 0.464 y0.351 y0.286 0.037 y0.0392
P y1.105 0.462 1.525 y0.478 0.1412

eled in this work. Only site activation by hydrogen was con-
sidered in a first moment to try to explain the hydrogen ef-
fect on polymer production rate. Chain transfer to monomer
and spontaneous chain transfer are less significant when
compared to transfer to hydrogen. Site-transformation reac-
tions are intended to explain the isotactic index of the poly-
mer that is not considered in this work. These reaction steps
will be considered in future works.

After these previous selections, the reaction steps consid-
ered in this work are: site activation by hydrogen, chain initi-
ation, chain propagation, chain transfer to hydrogen, site de-
activation by hydrogen and spontaneous, dead-site reactiva-
tion by hydrogen, and the two-site equilibrium presented be-
fore.

Based on this simplified model, a parametric sensitivity
analysis was carried out to determine which parameters are
more important in adjusting the mathematical model to ac-
tual data. Input sensitivity analysis was also accomplished to
find out which inputs can be used to estimate related param-
eters. Tables 2 and 3 shows the sensitivity analysis results.
From Table 2 it can be stated that site activation by hydro-
gen, chain initiation, site deactivation by hydrogen, and site
reactivation by hydrogen are not very important. From Table
3 it can be stated that all inputs have a significant influence
on outputs.

From the previous discussion, it can be considered that the
catalyst is totally activated when it is fed into the reactor sys-
tem and the following reaction steps are included: chain
propagation, chain transfer to hydrogen, spontaneous site de-

Žactivation, and the two site interconversion equilibrium hy-
.drogen effect . Discharge factors were also included. The es-

timated parameters are presented later in Table 4.

Discharge factor influence
Figure 7 shows the effect of D on slurry density and con-f

centrations, under constant process inputs and reactor pro-

Table 4. Main Parameters and Operating Conditions

Parameters Value Units
� 3 y1 y1k 463 m kgmol sP
� 3 0.5 y0.5 y1Ž . Ž .k 22.7 m kgmol sc H

�y4 y1k 3.2�10 sd s p
2kP

1.8 �1kP
y1K 125 kgmol

D 1.25 �f 1
D 1.10 �f 2

2A 20 mt
4 y1� H y8.8�10 kJ kgmol

y2 y1 y1U 41.7 kJ m K s
3V 45 mR
3V 10 mw

� Values at 70�C.

Ž .duction. For these conditions, the outlet slurry density � iso
Ž .constant. In the case of an ideal CSTR D s1 , concentra-f

Ž .tions and slurry density inside the reactor � are equal toR
their counterparts in the output stream.

Figure 7. Influence of D on reactor slurry density andf
concentration for constant production and
process inputs.

October 2003 Vol. 49, No. 10AIChE Journal 2649



Figure 8. First reactor density for D s1 and best-fitf
value of D .f

Slurry density is an important controlled variable in the
bulk process. It measures the amount of circulating solids in
the loop. Bad density control can result in poor reactor pro-
ductivity or reactor shutdowns due to polymer fouling. Figure

Ž .8 shows how the discharge factor D influences the firstf
Ž .reactor slurry density. Notice how an ideal CSTR D s1 isf

unable to properly model the system, while a nonideal CSTR
with D s1.26 reproduces the experimental values quite well.f

Hydrogen effect on polymer production
Equation 39 shows that the rate of polymerization in-

creases with hydrogen concentration. Plant data show this ef-
fect to be both reversible and asymptotic at high hydrogen
levels. At low hydrogen concentrations, a small increase in
hydrogen content is responsible for a high increase in poly-
merization rate. At high hydrogen concentrations, this effect
is much smaller, or even nonexistent. This type of behavior
can be seen in Figure 9.

Effect of process inputs
Figure 10 presents process input changes during a typical

industrial campaign of about 2 weeks. Reactor residence time
and hydrogen concentrations in both reactors are varied in
order to produce polymer grades with different molecular-
weight distributions.

Figure 11 shows how the instantaneous production in both
reactors is modeled without the inclusion of hydrogen rate-
enhancement effects. At low hydrogen concentrations, the
simulated production turns out to be higher than the mea-
sured one, whereas at high hydrogen concentrations, the op-
posite behavior is observed.

A kinetic parameter estimation was performed under the
Ž .hypothesis of ideal CSTR D equal to unity and includesf

the hydrogen-effect mechanism. Measured vs. simulated in-
stantaneous reactor production, melt flow index at second re-
actor output, and slurry densities are shown in Figures 12, 13,
and 14, respectively. It can be seen that, although production
and MFI show good agreement between experiments and

Figure 9. Steady-state production vs. hydrogen con-
centration.

Figure 10. Main process inputs.

Figure 11. Measured and simulated production with no
hydrogen effects.
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Figure 12. Measured and simulated production for an
ideal CSTR.

simulation, first reactor slurry density still exhibits some bias
with respect to measured values.

This bias may be minimized through the estimation, using
the same process data, of a different discharge factor for each
reactor. Although density bias was removed, it presents oscil-
lations around its actual value, probably because of the input
variables noise, as shown in Figure 15. First and second reac-
tor discharge factors are 1.25 and 1.10 respectively, as pre-
sented in Table 4 together with the main model parameters
and operating conditions. This indicates that polymer weight
fractions of both reactors are greater in the output than into
reactors, and this effect is more important in the first one.
Polymer production and MFI present similar results, as in

Ž .the case of an ideal CSTR Figures 16, 17 .

Conclusions
A dynamic mathematical model for nonideal loop reactors

was presented. The nonideal CSTR model presents some ad-

Figure 13. Measured and simulated melt flow index for
an ideal CSTR.

Figure 14. Measured and simulated densities for an
ideal CSTR.

vantages over the traditional CSTR and tubular reactor ap-
proaches. On the one hand, it avoids the lengthy simulations
involved in tubular-reactor distributed-parameter modeling,
while on the other hand, it captures the size selection effects
associated with the behavior of industrial equipment. The
model is capable of better representing industrial data, espe-
cially the reactor slurry-density differences that are observed
in practice. A mechanism to take into account the highly non-
linear hydrogen effect in the rate of polymerization was in-
troduced and showed to fit plant data quite well. Hydrogen
rate-enhancement effects are very important in industrial
polypropylene plants. Polymerization rates can double as a
result of increases in typical hydrogen concentration levels.

Ž .Polymer melt flow index MFI , a very important product
quality-control variable, was successfully modeled as a power
function of the mass average molecular weight. Results show
that this correlation is valid over a wide range of MFI values.
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Notation
A sheat exchange area, m2

t
B ksbulk polymer concentration, kgmolrm3

n
Cstotal active site concentration, kgmolrm3

C sdead-site concentration, kgmolrm3
d

C scomponent j bulk concentration, kgmolrm3
j

C scomponent j concentration at amorphous polymer phasej, a
Ž . 3effective concentration , kgmolrm

C scomponent j concentration at feed stream, kgmolrm3
j, f

C sliquid-phase concentration of component j, kgmolrm3
j, l

C sconcentration into the reactor, kgmolrm3
j, R
C kstype k active specie concentration, kgmolrm3

C spotential site concentration, kgmolrm3
P

C scomponent j specific heat, JrkgKPj
C smixture specific heat, JrkgKpm
C scooling water specific heat, JrkgKP w

D sdischarge factorf
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Figure 15. Measured and simulated slurry densities for
a nonideal CSTR.

Dksdead polymer chain concentration with n monomers origi-n
nated from site k, kgmolrm3

f spolymer crystallinityc
� Hsheat of polymerization, kJrkgmol

Kstwo-site equilibrium constant, kgmoly1

k k skinetic constant for reaction r with end-group i and site k,r , i
order dependent

m smonomer feed flow rate, kgrs˙ C 3, f
m scatalyst feed flow rate, kgrs˙ C AT , f

MFIsmelt flow index, gr10 min
M scomponent j molecular weight, kgrkgmolj
M snumber average molecular weight for bulk polymer,n

kgrkgmol
Mwsmass average molecular weight, kgrkgmol

nsvector containing the number of each monomer in a poly-
mer chain

NCsnumber of liquid-phase components
n smoles of component j into reactor, kgmolj, R
n smoles of j sorbed in the amorphous polymer phase, kgmolj, a
n smoles of j in the liquid phase, kgmolj, l

Figure 16. Measured and simulated production for a
nonideal CSTR.

Figure 17. Measured and simulated melt flow index for
a nonideal CSTR.

Nmsnumber of monomers
Nssnumber of sites
O ksorder of reaction r for site kr

P , P sfirst and second reactor production, kgrs1 2
P k sgrowing polymer chain with n monomers with end-group in ,i

from site k, kgmolrm3

P ksvacant site k concentration, kgmolrm3
0

Q scoolant-water volumetric flow rate, m3rsw
Q sfeed volumetric flow rate, m3rsf
Q sreactor-output volumetric flow rate, m3rso
Q svolumetric recirculation flow rate, m3rsR
R srecycle ratioec

Ž 3.R sj component reaction rate, kgmolr s �mj
Rk ,n sr reaction from site k for a growing chain with nr

Ž 3.monomers, kgmolr s �m
tstime, s

Tsreactor temperature, K
T scoolant-water temperature, Kw

T sfeed coolant reactor temperature, Kw f
T sfeed stream temperature, Kf
Usglobal heat-exchange coefficient, Jrm2 Ks

V sreactor volume, m3
R

V svolume of amorphous polymer phase with monomers ab-a,m
sorbed, m3

V scrystalline phase volume, m3
c

V sliquid-phase volume, m3
l

V svolume of liquid phase in amorphous polymer phase, m3
l,a

V spolymer plus absorbed liquid-phase volume, m3
P m

V sdried polymer volume, m3
P , s
V sjacket volume, m3

w
w sfeed-stream component j weight fractionj, f

w smass fraction of j liquid-phase component in liquid phasej, l,o
at reactor output

w smass fraction of j liquid-phase component in liquid phasej, l, R
into reactor

w smass fraction of j solid-phase component in solid phase atj, P ,o
reactor output

w smass fraction of j solid-phase component in solid phasej, P , R
into reactor

Wl smass concentration of j liquid-phase component at outputj, o
reactor flow, kg of jrm3

Wl smass concentration of j liquid-phase component into reac-j, R
tor, kg of jrm3

w spolymer weight fraction at reactor outputP ,o
w spolymer weight fraction into reactorP , R
Ws smass concentration of j solid-phase component at outputj, o

reactor flow, kg of jrm3
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Ws smass concentration of j solid-phase component into reac-j, R
tor, kg of jrm3

Xspoison, poison concentration, kgmolrm3

Z spolydispersity indexP

Greek letters
� sequilibrium constant for j component between liquid phasej

and amorphous polymer phase
� sratio between solid-phase components concentration at re-

actor output flow and into reactor
�sratio between liquid-phase components concentration at

reactor output flow and into reactor
	 svolume fraction of monomer in the amorphous polymer

phase
� sliquid-phase density, kgrm3

l
� spolymer density, kgrm3

P
� sreactor slurry density, kgrm3

R

 spolymer volumetric fractionP
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Appendix A
In order to derive Eqs. 22 and 23, a molar balance for com-

ponent j is performed

n sn qn A1Ž .j, R j , l j ,a

where

n sC V A2Ž .j, R j , R R

n sC V A3Ž .j,a j ,a a ,m

From Eq. A1 to Eq. A3 and using Eq. 20, C s� Cj,a j j, l

Va,m
�jC V Vj,a R ls A4Ž .VC V a,mj a ,m 1q�j Vl

Equation A4 represents the ratio between the number of
moles of j in the amorphous polymer phase and the total
number of moles of j.

The total reactor volume V is the sum of the liquid-phaseR
volume and the polymer volume. The polymer-phase volume
is given by the sum of the dry polymer volume and its corre-

Ž .sponding sorbed liquid phase V s	 V . Thereforel,a a,m

V sV qV q	 V A5Ž .R l p , s a ,m
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Ž . Ž .Since V 1y f sV 1y	 , the total reactor volume canp, s c a,m
be expressed by the following equation

1y	 VŽ . a,m
V sV q q	 V A6Ž .R l a,m1y fc

From Eqs. A4 and A6, it is possible to write

Va,m
�jC V 1y	 Vj,a l ls q q	 A7Ž .Vž /C V 1y f a,mj a ,m c 1q�j Vl

where the ratio VrV can be obtained from Eq. A5l a,m

V VV V Vp , s p , sR l a ,ms q q	 A8Ž .
V V V V Va,m p , s a ,m a ,m a ,m

By defining the volumetric polymer fraction as 
 sP
Ž .V rV , Eq. A8 yieldsP, s R

V 1y	 1l s y1 y	 A9Ž .ž /V 1y f 
a,m c P

Appendix B
The mass concentrations of component j inside the reactor

and at the reactor outflow are given by Eqs. B1 and B2

Wl s � 1yw w B1Ž .Ž .j, R R P , R j , l , R

Wl s � 1yw w s � 1yD w w B2Ž .Ž . Ž .j,o o P ,o j , l ,o o f P , R j , l ,o

where w and w represent the mass fraction of compo-j, l, R j, l,o
nent j in the reactor liquid phase and at the reactor outflow.

Considering that the liquid phase composition in the reac-
tor equals the liquid-phase composition at the reactor outlet
Ž .w swj, l, R j, l,o

Wl C 1yD w�j,o j ,o f P , Ro
�s s s B3Ž .

Wl C � 1ywj, R j , R R P , R

For the solid phase, one can write

Ws s � w w B4Ž .j, R R P , R j , P , R

Ws s � w w s � D w w B5Ž .j,o o P ,o j , P ,o o f P , R j , P ,o

where w and w represent the solid-phase mass frac-j, P , R j, P ,o
tion of component j.

Supposing that the solid-phase composition in the reactor
equals the solid-phase composition at the reactor outlet
Ž .w sw ; it is then possible to writej, P , R j, P ,o

Ws C �j,o j ,o o
� s s s D B6Ž .fWs C �j, R j , R R

Appendix C
In the case of homopolymerization with two types of cata-

lyst sites, the rate of polymerization at each site is given by

R1 sk1 C1C C1Ž .P P M ,a

R2 sk2 C 2C C2Ž .P P M ,a

Hydrogen is supposed to participate in the following two-site
equilibrium

k a1 26C qH C C3Ž .2

kya2 16C C qH C4Ž .2

A balance for site type 1 under the quasi-steady-state hypoth-
esis yields

dC1
1 2syk C C qk C s0 C5Ž .a H ,a yadt

By defining

k C 2
a

Ks s 1k C � Cya H ,a

as the equilibrium constant and CsC1qC 2 as the total sites
concentration, it follows that

C
1C s C6Ž .

1qK � CH ,a

The total rate of polymerization is the sum of the rate of
polymerization at each site type

R sR1 qR2 sk1 C1C qk2 C 2CP P P P M ,a P M ,a

sC1C k1 qk2 KC C7Ž .Ž .M ,a P P H ,a

From Eqs. C6 and C7

k2
P

1qK CH ,a1kP1R sk C � C sk C � C C8Ž .P P M ,a P , r M ,a1qK � CH ,a
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